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Analysis of a Nonideal Associating System Involving Two
Different Monomer Units by Colligative Methods”

R. F. Steiner

ABSTRACT: A general method is developed for the analysis of
nonideal mixed associating systems from colligative data
with the objective of determining the consecutive association
constants. The method depends on the use of curves of num-
ber-average molecular weight as a function of concentration
for a series of compositions. From these the apparent concen-

In two earlier publications a general method has been
presented for obtaining the consecutive association constants
from colligative data for a generalized associating system
containing two different molecular species, which could
undergo both self-association and association with each other
(Steiner, 1968, 1970). While no restrictions were introduced
as to the nature of the complex species or the mode of associa-
tion, ideal behavior was assumed for all species. It is the
purpose of the present paper to eliminate the restriction to
ideal systems and to extend the theoretical treatment to real
systems. The treatment here will be confined to the case of
two associating species (Steiner, 1968). The nonideal general
case (Steiner, 1970) will be presented separately.

The system is postulated to contain two different monomer
units, A and B, either or both of which may self-associate,
as well as form mixed complex species. The generalized mode
is described by the following equations

A + AT As; Kno = [AJ/[A]?
A + AT As; Koo = [A)/[AR

A 4+ A= As K = [AJIAT

B + B X B:; Ko = [B:)/[B]*
B, + B = B;; Kos = [Bs)/[B]* M

Bii + B> Bj; Ki; = [B,J/[BY

A+ B> AB; Ky = [ABJ/[A][B]
AB  + B> AB;; Ki; = [AB)J/[A][B]
AB  + A > A:B; Ku = [AB]/[A]}(B]
AB;.. + B> A:B;; Kij = [AB;]/[AF(Bl

I

where [A] and [B] are the molar concentrations of free mono-
meric A and B, respectively.
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Research Institute, Bethesda, Maryland. Received May 7, 1970, From
Bureau of Medicine and Surgery, Navy Department, Research Task
MRO005.06-0005A. The opinions in this paper are those of the author
and do not necessarily reflect the views of the Navy Department or the
naval service at large.
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trations of monomer units are obtained, which are dependent
on the magnitude of the virial coefficients. For a series of
systems of increasing generality equations are developed
which may be solved numerically for the virial coefficients,
permitting evaluation of the true monomer concentrations
and, from these, the actual association constants.

Examples of heterogeneous associating systems are very
common in biochemistry, although quantitative studies are
few. Some random examples are the antigen-antibody reac-
tion, the hemoglobin—-haptoglobin reaction, the combination
of trypsin with protein inhibitors, and the association of
purine and pyrimidine nucleosides.

The theory to be described here is applicable to any colliga-
tive method. Membrane osmometry is ordinarily the method
of choice for molecules of mol wt >10%, while vapor pressure
depression may be used for small molecules.

Results

We shall cite in this section the principal results of the
theoretical development, leaving the details of the derivation
to the Appendix. It will be assumed that the deviation from
ideality of the real system can be accounted for in terms of
three second virial coefficients, two of which, Bssx and Bgs,
reflect the self-interaction of species A and B, respectively,
while the third, Bas, originates from the mixed interaction
(apart from molecular association) of species A with species
B. Details are given in the Appendix. In practice, this assump-
tion is likely to be valid for the usual experimental conditions
chosen for studies of protein solutions (concentrations less
than 297, ionic strength 0.1 or greater).

In terms of the above model, the relationship between the
observed osmotic pressure, m, and the foral weight concen-
trations (in grams per kilogram of solvent), ca.+ and c¢s,s, Of
species A and B assumes the form

TV c Baa 2 Bgp " Buxn *
—_— = — 4 = 4 ——cp,i? F A Cn, = 2
RT M. 2 CAt 2 [4: 1) 2 CALCB,t m* (2)

where V.. is the volume (in milliliters) containing 1 kg of
solvent, M, is the number-average molecular weight, ¢ (=
cas + cB.t) is the total concentration, R is the gas constant,
T is the absolute temperature, and m* is the apparent molality
of the system.

The quantities Baa and Bpp may ordinarily be determined
from independent measurements upon solutions of pure A
and pure B (see Appendix). If the corresponding terms are
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subtracted from eq 2, we may define a new quantity, m**, such
that

Vo B B
R i
B B
= m* — ‘*g—ACA,tZ - %acla.t2 (3)
c B
= ]‘711 + %BCA,tCB,t

The difference between m** and m is due wholly to inter-
actions between species A and species B.
For the ideal case, where By, = Bsp = Bsp = 0, we have

TV

¢
— =m 4
RT M, @
where m is the actual molality of the system and is equal to
m**,
In an earlier publication (Steiner, 1968) it was shown that,
for the ideal case

InZ, +8InZs = f(an—i— l)d;m—f-ln{l/(l-i-ﬁ')} +
Bln {B/1+B)} =& (5

Here, Z, and Zp are the mole fractions of free monomeric A
and free monomeric B, respectively, and are given by

Zy = [Al/m
()
Zy = [B]/m

8 is the ratio of the toral molality of B, ms., to the total
molality of A, ma..,; i.e., 8 = ms./Mas, an is the number-
average degree of association and is equal to (ma,s + ms,5)/
m, or to M,/M,, where M, is the number-average molecular
weight predicted for the nonassociated system where only
monomers are present and is given by

M, = MAmA,t/mc + MBmB,t/mt (7)

where My and My are the molecular weights of monomeric
A and B, respectively, and my(= ma,s + ms.) is the rotal
molality of monomeric units of both species, whether free or
associated.

A second equation may also be derived which yields essen-
tially the same information as eq 5 (see Appendix).

IMXy+B8InXs =14 B o~ — 1) +
a+6 [T = 0% 4 10+ ) +
0 t
BIn {81 + B} (8)

where X, = [A]l/m, and Xs = [B]/m:. For the nonideal case
we have in place of eq 8 (see Appendix)

In Xo** 4+ 81n Xs** = (1 4+ B)en** — 1) 4
{a+ 6)ﬁm‘<an** - 1)%1”1‘+ In {1/1 + B} +
Bln {B/(1 + B} O

Here a,** (= m./m**) is the apparent number-average degree
of association and X,** and Xg** are the apparent values of
X, and Xp, respectively.

We also have for ideal systems, from the previous paper
(Steiner, 1968)

InZs = (j—;’)m (10)

where ® is given by eq 5. For nonideal systems, we have in
this case the parallel equation (see Appendix)

*ok
mA”=G;>“ a1

Here ®** is the nonideal analog of ® and is given by
B**(@,m**) = In Z,** + B In Zp**
m¥** dm**
=14+ ,(i')f (a**1 — 1) o~ + 12)
0 m
In {1/1 + B)} + 81n {8/1 + )]

The quantity In Zs** is equal to the slope of ®** as a function
of B at constant m** and may be evaluated by the same
procedures as for the ideal case (Steiner, 1968). The quantities
Zp** and Xp** are related by

ZB** = XB**’% (13)

If Xg** is known, then X.** may be computed from eq 9.
It may also be shown (see Appendix) that

[A**] = X *¥*m,
14)
= [A] exp(BapMaMzms,+/2)

and

[B**] _ XB**mt
1s)

I

[B] exp(BasMsMzsma 1/2)

The apparent values, [A**] and [B**], of the concentrations
of free monomer units are related to the true values by eq
14 and 15. In order to convert the apparent values of [A] and
[B] to the actual values, a knowledge of Bas is required. Once
[A] and [B] are known, the consecutive association constants
may be computed using the methods described in the preceding
paper (Steiner, 1968).

We shall next discuss the actual evaluation of Bas.
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It is most convenient to consider a series of cases of in-
creasing generality.

A +BX AB D
A and B do not self-associate; AB is the only mixed species.
m; = [A] + [B] + 2Ku[A][B] 16)
and, from eq A-37
X (Xe**) = XaXo® exp(BasMaMems)  (17)
When 8 = 1, Xa = Xp, Xa** = Xp**, and

Xa*¥* = X, exp(BasMiMpmg,1/2) = Xg** =
Xp exp(BasMaMzwms,i/2) (18)

[A] = [B] = [A*¥] exp(—BABMAMAmB.t/Z)
Also

my = 2[A**] exp(—BasMaMpms,i/2) +
2K, [A**)? exp(—BasMaMpmyp,y) (19)

my

Z[A**] exp(BABMAMBmB.L/Z) —_—

Kn[A**] exp(—BABMAMBmB,t/Z) =1 (20)

Since all the quantities in eq 20 are known except for Bas,
this equation may be solved numerically for Bas, when 8 = 1.

A +BZAB
A:\B + B <> AB: an
AB;_, + B> AB;

(A and B do not self-associate; no more than one molecule of

A is present in any mixed species.)
In this case

1
m** = [A] 4- [B] 4- [A] 2 Klj[B]j + 2—63ABMAMBmB,t2 21
J

ma. = [A] + [A]Z Ky[BY (22)
J
and

1
m** — my,. = [B] + Z_BBABMAMBmB.tz

23)
= [B**] exp(— BasMaMzpma +/2) +

1
'2—6 BisMaiMoms .2

Equation 23 may be solved numerically for Bas, the only
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unknown. Case I may of course be regarded as a special
instance of case II.

A+A TZA
A+A XA
A + A —><__. A;

B+B =B (11D
B+ B B

1§ + Bii == B;

A+B TZAB

(A and B undergo self-association; AB is the only mixed com-
plex formed.)

The set of association constants characterizing the self-
association of A and B may be obtained by independent
measurements upon pure A and B. One then has

may = ZiK[A]l' + KulAllB]
mae, = ZjKo[BY + Ku[A][B]
Ma,t — Mp,y = EiK,o[A]t - E]'Ko;[B]j (24)

TiKo[A**]! exp(—iBapMaMzsmp,if2) —
—_ EjKoj[B**]j exp(-— jBABMAMBmA_g/Z)

Since the set of Ky and K,; are known, B,s is the only
unknown in eq 24, which may be solved numerically.

A +A TZA

A + A, —><__. As

A +ALTT A

B +B B

B. + B —><_. B: awv)
lé + B 4__..5 B;

A +B TTAB

AB +B X AB:

AB,1 +B Z AB;

(A and B undergo self-association; no more than one molecule
of A is present in any mixed complex.)
We now have

m** = TK [A) + 2;Kw[B]j + [A]EKij[B]j +

1
E—BBABmB.tzMAMB 25)

mae = ZiKo[Al* + [AIZK,[B) (26)
and
may — m** = —ZK[Al + ZiKJA]* —
EIBBABmB,ﬁMAMB — ZKo[BY = Z( — DK [4**]' X
exp(—iBasMaMpms 4/2) — ZKo[B**) X
exp(—jBasMaMzma j2) — ZLBBABmB,JMAMB @n
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If the set of K, and Ko; which characterize the self-associa-
tion of A and B are determined from independent measure-
ments upon pure A and B, B, is the only unknown in eq 27,
which may be solved numerically.

A + B = AB
A + AB = AB )
AB + B AB

(A and B do not self-associate; AB, A;B, and AB; are the only
mixed complex species.) In this case we have

m = [A] + [B] + [AB] + [A;B] + [ABy] (28)
ma, = [A] + [AB] + 2[A:B] + [AB,] (29)
mg,: = [B] + [AB] + [A:B] + 2[AB;] (30)

This set of three simultaneous equations may be used to
eliminate [AB;] and [A;B].

3m — m, = 2[A] + 2[B] + [AB]

(3D

2[A] + 2[B] + Ku[A][B]
We also have
ma = [A]l + Ku[A]B] + ...

= [A**] exp —[(}/2)(BasMaMpms,0)] +
Ku[A**[B**] exp —[(Yo)(BasMaMemy)] + ... (32)

= [A**]Q — (Y2)BasMaMsems,s + ...) +
Ku[A**]B**] + ...

and

May — [A**] o,
W = K — (Y2)BasMsMs [—].32—:] -+ (33)

Upon extrapolation of the left-hand side of eq 33 at con-
stant 8to[A**] = 0 and [B**] = 0

lim {mm — [A*]

[A*[B**] } = Kiy — (Y2)BasMyMp = o1, (34)

[A%$] >0
[B**]—0

Equation 31 may now be rewritten

3m** - Z%BABMAMBMBAZ - My = 2[A**] X

exp —[(Y/2)(BasMaMpms 1)) + 2[B**] X
exp —[(Y2)BasMiMema,)] + (011 + (Y2)BasMaMs) X
[A**][B**] exp — [(}/2)BasMaMpm,)] (35)

If oy, is obtained by extrapolation, using eq 34, then B, is
the only unknown in eq 35, which may now be solved numeri-
cally.

A +A A
15} +A2<__> As
At + A = A
B +BxB
B +Bz<__>Bs (VD)
].31'_1 + B_>< B:

A +BAB
AB +B2AB2
AB +A_><_A2B

(A and B undergo self-association; AB, A:B, and AB; are
the only mixed complex species present.) In this case, eq 35 is
replaced by

3m** — Z%BABMAMBMBAZ — my = 3ZK[A**]' X

exp{ —(/2)(BaoMaMoms.)} — ZiKo[A*] X
exp{ = (/2XBraMaMama.)} + 3ZKo[B*Y X
exp{ —(/)(BasMaMoma.)} — ZjKo; [B¥*VX
exp} _(j/z)(BABMAMBmAvt)} + (ou + (Y2)BasMiMs) X
[A**][B*¥] exp{ —()(BasMsMzm,)} (36)

If the set of K and Ky, which characterize the self-associa-
tion of A and B, are determined from independent measure-
ments upon pure A and B, B,s is the only unknown in eq 36,
which may be solved numerically. The parameter ¢;; may in
this case be determined from

, {mc — [A**] = [B*¥]
lim

(A4, [B¥4] -0 [A*¥][B**] }=2““F

%m+wm<m

The completely general case is that described by eq 1 and
corresponds to the absence of all restrictions upon both the
self-association of A and B and the formation of mixed com-
plexes. No analytical solution has been obtained for this case.
One has available however a set of equations of the type

myy = Z( + DKJAFBHY X
exP{ —('/2)BasMaMy(imz .1 + ij.c.1)}
miz = Z@ + DK JATBHY X
exp{ —(Y2)BasMaMs(imp 2 + jmae2)} (38)
Mea = Z@ + DK [AM][B**) X
exp{ —(*/2)BapMsMp(imp,1.n, + ij.t.n)}
Here the subscripts 1, 2, . . ., ncorrespond to different concen-

trations for the same value of 8. If a sufficient number of
concentrations are measured, the set of X;; and Bas may be
regarded as “overdetermined.” Van Holde ef al. (1969) have
described computational methods for evaluating the un-
knowns in this case.

Discussion

The preceding sections have described the extension of the
theory developed earlier for ideal systems (Steiner, 1968) to
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real systems. The present treatment is applicable provided
that three virial coefficients are adequate to account for the
deviation from ideality of the system under consideration.

The computational problems encountered in obtaining the
apparent quantities [A**] and [B**] from actual data are
similar to those encountered for the ideal case and have been
discussed in the earlier paper (Steiner, 1968). Probably the
most serious source of potential error is in the evaluation of
the slope, using eq 36. Perhaps the most satisfactory way of
achieving this is by a polynomial fit of & as a function of 3
using a suitable computer program, such as POLFIT from the
General Electric program library.

While it has not been possible to obtain a general analytic
solution capable of permitting evaluation of Bas for an unre-
stricted associating system, the special cases considered here
should suffice for the interpretation of many real systems.
For the most general case the computational methods de-
scribed by Van Holde ef al. (1969) may be applicable.

The analysis of mixed systems places stringent requirements
upon the data, particularly when self-association of the mono-
meric species is present. Realization of the full potentialities
of the method must probably await improvements in instru-
mentation,

Many systems of interest are actually charged polyelectro-
lytes. An argument completely analogous to that presented
by Adams (1965a,b) indicates that the theory may be used in
unchanged form for this case, provided that components are
defined as specified by Casassa and Eisenberg (1960, 1964).

Appendix

We shall first develop the theory explicitly for the case of
two uncharged macromolecules which undergo both self-
association and association with each other. As will be seen
later, the results can be extended without change to the case
of charged macromolecular species, provided that a suitable
definition of components is made.

There are two thermodynamic components, A and B, in
this system. If terms in the virial expansion higher than the
second power in concentration are neglected, then the osmotic
pressufe for a mixed system may be expressed by, for dilute
solutions (Casassa and Eisenberg, 1964):

™, 1

RTc M. + szk: B’ wy iy i/ MM;,
a j

(A1)

Here 7 is the osmotic pressure, R is the gas constant, T is the
absolute temperature, ¢ is the total concentration of non-
diffusible solute in grams per kilogram of solvent, ¥, is the
volume (in milliliters) containing one kilogram of solvent,
M, is the number-average molecular weight, y;, v, are the
weight fractions of components ; and k, respectively, and
M,, M, are the monomer molecular weights of components
jand k, respectively.

The parameter 8’y is, in the terminology of Casassa and
Eisenberg (1964), approximately equal to 8, which is defined
by

_ dln
bmk

B (A-2)

where v, is the activity coefficient of component j and m;, is the
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molality of component k. The minor distinction between 8,
and B'; (Casassa and Eisenberg, 1964) is not important for
our purposes here,

Equation A-1 may be rewritten as

T™Vm

c
R oot 2B oo /MMy (AY)
o J

where ¢;., cx.« are the total concentrations of components
i and k, respectively. For the present system, where there are
only two components, A and B, we have

™V c

ﬁ = 1'\—4; + BIAACA.tZ/MAZ + BIBBCB,tZ/MBZ +
ZB'ABCA,tCEt/MAMB =m*=m-+ (1/2)BAACAA;2 +

(Y2)Bscn.1? + (Y2)Bapca.sc,e (A-4)

Here m* is the apparent total molality of the system; m (= ¢/

M) is the true molality; Baa (= 2874s/Ma2), Bps (= 28'ss/

My?), and Bap (= 48's8/MiMs) are the virial coefficients

characterizing the deviation of the system from ideality.

The apparent total molality, m*, is the experimentally
determined quantity. For a system showing ideal behavior
m* = m, It has already been shown that, for the ideal case
(Steiner, 1968)

om
Mma,s = [A] a—_[A—]
om
mp,y = [B]ﬁ (A-5)

- N R om
mg = ma. + mp,y = [Al 3A] + [B]D[B]

Here ma.«(= ca.s/My) and ms. (= cs,./Ms) are the total
molal concentrations of A and B monomer units, respectively,
whether free or complexed.

It is convenient to define the quantities [A*] and [B*] such
that

om*

[A*] AR - M (A-6)
om*

[B*] >8] = mg.: (A-7)

and

om* om*
A¥ —— + [B¥|-—— =m A-8
(A% S + B 5w = (A-8)
The quantities [A*] and [B*] are the apparent values of [A]
and [B]. Equation A-8 may be rewritten as

O In m*

1 + BIAY] G

ap* (A-9)
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where 8 = mp,/ma .+ an* = apparent number-average degree
of association = m./m*,
Integration of eq A-9 yields, if 8 is maintained constant

in[A% = (1 + B) f an* ~+ G(B*)  (A-10)

where G is an arbitrary function of [B*).
If one defines the function ¥ such that

y=1In[AY — (1 + ﬁ)fan* 4 GqB*) =0 (A
then
[A*]b In m* _ [A*] om*
JAAY  m* J[A¥]
A oy o _
“‘m* 2[A¥/ om* (A-12)
= a.*/(1 + B)
and
*alnm* - oyt dG 1
(87 d(B*] (1 + B)d In [B¥] A-13)
Upon substituting the above into eq A-8
O dG
- 2 -0 (A-l4
: G+ dammq ¢ A
or
G )
din[B* b (A-15)
and
G=—BIn[B*+ D (A-16)

where D is a constant.
Finally, we have

A+ 81008 = (+9) a1 P8 4 D (A7)
m

Equation A-17 is the analog for nonideal systems of eq A-18
below, which was derived earlier for ideal systems (Steiner,
1968).

In[A] + 8 1n[B] = (1 + ﬁ)fan‘l %” +D (A18)

The integral in the right-hand side of eq A-17 may be
rewritten, using eq A-19,

f f fdm* f—+BAAMAf’£A_tX

dma.. + BosMs? f—d Bt+B—“BM“M"f’"’“de+
2 my
Bttty (s, [O0 mae
( f’_’:’;) BssMz® + 2(‘:”:"6) BasMiMs +
2(1’"1”6) BasMaMs  (A-19)

Equation A-17 now becomes

In [A*¥] + B8 In[B*] = (1 + ﬁ)f——— + BaaMiima.e +

BxsM Mz

BasM M,
BssMz2Bmg.. + =5 OAB VAT

Bma,. + 2

me, + D
(A-20)
Subtracting (1 + §8) In m; from both sides and noting that

dm,

(1+ﬁ)lnmt=(1+ﬂ)f o

(A-21)
we have

In Xa* + 31n X&* (l+ﬁ){ gﬂ—f%}-l-
my m

BiaMi®my,. + BesMyp?6ms. + (Y2)BasMsMsBma,, +
(Y2)BapMaMpms,« + D (A-22)

Integrating by parts

In Xa* + 81ln Xs* = (1 + Blan*t — 1) +
(1+3)fm‘( —1)d~'n1+D—(1+6)X
0
(an‘1—1)+(1+ﬁ)j; )‘L’"‘+

BaaMy®ma . + BBBMBz;GmB.t + (1/2)BABMAMBﬁmA,c +
(Y/2)BasMMems,y + D (A-23)

where X.*, Xp*
tively.

The constant D may be evaluated from the limiting form
of eq A-23 which is approached at very low concentrations,
where a,”! approaches unity. The terms in Baa, Bss, and
Bis approach zero, X,* approaches 1/(1 4 B), and X»*
approaches 8/(1 + 8). The value of D is therefore given by

are equal to [A*]/m, and [B*]/m,, respec-

=In {1/ + )} +B8In{B/1 + B/} (A-24)

For the ideal case, when Baa, Bsp, and Bap are equal to
zero, we have

InXa+B8InXy =1 + Bt — 1) +
(1+6>f0m‘( —1)d—”’°+1 (1001 + 8} +
B1n (81 + /)] (A25)
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Finally, from eq A-23 and A-25
InXy*+B8InXs*=InXs+ B8In Xz +
BaaMi*ma, + BesMz?Bms,. + (Yo)BapMaMsBmy . +
(Y2)BasM Mpms,. = In {XA exp(BAAMA2mA,t -+

BasMaMs5
—_——m

2 }M)} 4+ B1n {XB exp(BBBMB2mB.t +
BysMiMs

2 MA,Q>} (A-26)

Returning to eq A-17 and subtracting In m* (= f dm*/m*)
from both sides, we have
_ dm*
InZy* 4 BInZg* = (1 + ﬁ)f(an* 1 — 1)—’-nT+
In {1/1 + B)} + B1n {B/(1 + B} = &* (A27)

where Z,*, Zs* are the apparent mole fractions of A and B,
respectively, and are given by

ZA* = [A*]/m*
(A-28)
ZB* = [B*]/m*

The quantities Z,* and Z5* are related to X»,* and X3* by

my

ZA* = XA* —m*
(A-29)

Zp* = Xp* ny

m*

If ®* is evaluated as a function of m* for a series of values
of 8, then, by suitable interpolation, $* may be obtained as a
function of 8 for a series of (constant) values of m*.

When m* is constant, we have

m*([A*], [B*]) = constant (A-30)
and
d[A*] om* [om*
- - A-31
B4 a[B*]/ JIA™] (430
din[A% _  om* [ om*
d In [B*] 0 In [B¥]/ o In[A*]
(A-32)
- dIn ZA* _
dIn Zp*
Then
InZs* = — ffBdIn Zs*
(A-33)
= ~B1InZs* + [InZp*dB
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Introducing the above into eq A-27 we obtain

SIn Zz*dg = o* (A-34)

and

ln ZB* = ,qg
dB Jm*

The value of In Z* for particular values of m* and 8 is
thus equal to the slope of the tangent of the curve of ®* as a
function of B8 for this (constant) value of m*, Methods of
numerical analysis suitable for computing In Zz* have been
discussed in the preceding paper (Steiner, 1968). The quantity
Zp* may be converted into Xs* by eq A-29. Insertion of Xz*
in eq A-23 yields Xa*.

We turn now to the problem of correcting for nonideality
and evaluating the actual dissociation constants. The second
virial coefficients for the individual A and B species, Baa and
B3y, may be obtained directly from measurements upon pure
A and pure B.

If these do not self-associate, then the second virial coeffi-
cients may be obtained directly from the slopes of mVw/cRT
as a function of ¢.

(A-35)

where ca .. is the total concentration of A.

We shall postpone to a later section the discussion of
methods for obtaining Baa or Bss when these species undergo
self-association.

If Baa and Bgp are known, the corresponding terms
(Y/2)Baaca,? and (Y/2)Bspes. 2 may be subtracted from m*
yielding

m** = m* — (Y2)Baaca.s* — (Y2)Brrcs.i?
(A-36)
= m + (Y2)BasCa.cn,s = m+ (Yo)BasMsMpma yns .«

Unfortunately, Bap cannot be evaluated independently.
Equation A-26 is now replaced by

In Xy** + B In Xp** = In { X, exp(BasMaMams o/2)} +
81n {XB eXp(BABMAMBmA,t/z)} =(1+8X
{<au~1 — 1+ f (a**=1 = 1) 9’—"—} +
my

In {1/1 + B)} + BIn {B/1 + B)} (A-3T)

where ap** = my/m**
A guantity $** may be defined by

o=+ [T -
¢ m

In {1/l + &)} + B1n {B/(1 + A} = In Za** + 8 In Za**
(A-38)
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We also have

* &
In Zp** = d@ (A-39)
dﬁ mx*
In analogy to eq A-29, Zg** is related to Xp** by
Tt = Xp** e (A-40)
m**

By the use of eq A-37 to A-40, X,** and Xp** may be com-
puted. From eq A-37, we may write

Xa** Xa exp(BasMsMzpmsy,i/2)
(A-41)

XB**

X3 exp(BasMiMpma i/2)

(From eq A-37, (Xa**/X.) exp(—1:BapMaMpmp) =
{(Xa/Xp**) exp(+Y2BasMaMamy )18, Since Xi** is a
function only of X4 and ms,;, both sides must be equal to a
constant. When msp,. = 0, Xa** = X,, and the left-hand
side equals unity, the value of the constant. Alternatively
we also have, from eq A-37, (Xa**/X,) exp(—'/sBasMa,-
MBmB,g) = (XB/XB**)’S exp("/gBABMAMBMB,t)~ SinCe XA**/
Xx > 1and Xp/Xp** < 1, if B is varied at constant mp,:, this
can hold only if both sides equal unity.)
Also

[A**] = [A] exp(BasMaMpms +/2)
(A-42)
[B**] = [B] exp(BasMsMzsma /2)

If m** is defined by eq A-36, then direct substitution
verifies that eq A-42 represents a solution of

am**
a[A**]

am**

[A*¥] S5 =

+ [B*¥]

m (A-43)

The methods described in the preceding sections require the
independent evaluation of Bysx and Bgp from measurements
upon pure A and pure B. If self-association is absent, there
is no difficulty and Baa or Bsp may be computed from eq
A-35. If self-association is present, the equations developed
by Adams (1965a,b) are applicable for several specific cases.

If only monomer, dimer, and trimer are present, then the
equation derived by Adams may be written as

3ma.Ma?
———-m;; " S Maimas = 2MA[A*] exp(—BaaMs2ma,.) +
(1/2)(L + BAAMA)MAZ[A*]Z exp(—ZBAAMAZmA,t) +
(a/z)BAAMAamA,J (A-44)
where
L da*—1 M.*
- — =i ja* = A-45
2 (1;_.0 dCA,t & MA ( )

B is obtained by numerical solution of A-44.
In the more general case, where no upper limit can be set

to the degree of association, the computational methods
developed by Van Holde et al. (1969) may be useful.

An alternative approach may be developed which depends
upon the expansion of m* or m, in a power series in terms of
experimentally obtainable quantities. If ma,; is expressed as a
series expansion in [A*} =[A] exp(BaaMa’ma.+), then

May = (dm_,“> [A*] + I/Z(dzm,m> [A%]2 +
0 0

dlA%] diAa]?
()
and
4 _dAl d (A-47)
d[A¥]  d[A*] d[A]
where
d‘;ff*]] = exp(—BasMama /{1 + BasMAY 2K o[A*] X

exp(—BaaMama, )t} (A-48)
Using eq A-46 and A-47, the expansion takes the form
my = [A*] 4 202[A*]2 4 303[A*]* + ... (A-49)
where

g0 = Ky — (I/Z)BAAMA2

g3 = KSO - BAAMA2(2K20 - (I/Z)BAAMAZ)

KSO - BAAMAZ(KZO + 720)
= K30 - BAAMAZ(ZUZO + (1/2)BAAMA2)

If the system is treated as if it were ideal and [A*] assumed
to be equal to [A], the quantities oz and o3, are obtained in
place of K3 and Ko, respectively.

Since

[A] = [A*] exp(—BaaMa’ma.s)
(A-50)
= [A*] exp(2oz0ma,c — 2Kzoma,e)
we may define
[A] exp(2Kooma ) = [A*] expQRozoma,c=17v) (A-51)
The quantity v does not involve Baa explicitly and may be

defined in terms of measurable quantities. The quantity m, s
may be expanded in terms of v

_ [dmys . d2ma.s .
- (M >07+ /2( e >07 +

dsmA,g
1 p v 3
/6( v )D’Y + ...
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(A-52)



and

d e-ZKzomA,c d
= = : L (A-53)
d'Y 1 -+ 2K202!2K7;0[A] d[A]

The expansion of my,, in terms of 4, using eq A-52 and
A-53 assumes the form
Ma,e = 7Y + 3(K30 - 21{202)’}’3 + v (A-54)

The coefficient of 2 is zero in this expansion. Upon taking
the limit when 42 and [A] equal zero

lim [M—_l:l = Kao —_ 2K202E 0.:30 (A-55)
‘y—VO 372

This provides a relationship between K, and K. From
eq A-49 and A-55, we have

T30 = 0"30 + 2(020 + (1/2)BAAMA2)2 - BAAMAZ(ZO'ZO +
(Y2)BsaMY  (A-56)

GOTTO AND KON

If 040, 020, and o'50 are known with sufficient accuracy, eq
A-56 may be solved for Baa, which is the only unknown.
Equation A-56 provides, in principle, a general method for
obtaining B4 which does not require any assumptions as to
model. In practice data of very high accuracy would be
required to obtain o, 020, and o’ with the necessary accu-
racy.
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Observations on the Conformation of Human Serum

High-Density Lipoproteins Using Infrared Spectroscopy,
Circular Dichroism, and Electron Spin Resonance®

A. M. Gottot and H. Kon

ABSTRACT: Human serum high-density lipoproteins (HDL)
were examined before and after delipidation by the techniques
of infrared spectroscopy, by circular dichroism, and by elec-
tron spin resonance. Comparisons were made with the tech-
niques under identical conditions of the buffer system, pro-
tein concentration, and temperature. In D;O solution the
infrared band associated with the amide I resonance of HDL
and apoHDL had its major absorption at 1637-1640 cm™!
with shoulders at about 1630 and 1650 cm~1, Circular dichroic
spectra were characteristic of a high helical content as previ-
ously described by others. The electron spin resonance spec-
trum of HDL, after spin labeling with N-(1-oxy-2,2,6,6-tetra-
methylpiperidinyl)maleimide contained signals associated with
both weakly (narrow signal) and strongly (broad signal) con-
strained spin label. The strongly constrained signal was

Ihe conformational and structural properties of human
serum high-density lipoproteins (HDL)! have been investi-
gated by a number of techniques, including optical rotatory
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decreased in relative intensity at high femperatures, was in-
creased in relative intensity at low temperatures and was
practically abolished by delipidation. The change caused in
the electron spin resonance spectrum by delipidation was
qualitatively much greater than any detected by infrared or
circular dichroism spectroscopy. It was concluded that the
changes in the electron spin resonance spectrum consequent
upon delipidation were more likely related to change in the
local environment of the spin label rather than to large changes
in the secondary structure of the molecule. The helical con-
formation, much of which was to be retained by apoHDL,
appeared to exhibit its major infrared band associated with
the amide I vibration at a significantly lower frequency than
does the helical conformation in other proteins such as
myoglobin.

dispersion (Scanu, 1965), circular dichroism (Scanu and
Hirz, 1968), nuclear magnetic resonance (Steim et al., 1968;
Chapman er al., 1969a,b), and recently by electron spin
resonance (Gotto and Kon, 1969; Gotto et al., 1970). The

1 The following abbreviations are used: HDL, human serum high-
density lipoproteins of d = 1.063-1.21; apoHDL, the protein moiety
of HDL after delipidation with ether—ethanol; N-(1-oxy-2,2,6,6-tetra-
methylpiperidinyl)maleimide, nitroxide radical I.



